We report the quantitative prediction of grain boundary stiffness as a function of boundary inclination using molecular dynamics simulations in a series of ⌺5 ͓001͔ tilt grain boundaries. The grain boundary stiffness exhibits a large anisotropy, which is of the same order of magnitude as that of the grain boundary mobility. Surprisingly, these two anisotropies nearly cancel, leaving the reduced mobility ͑product of the stiffness and boundary mobility͒ nearly isotropic.
For the special case of a grain boundary, the mobility depends on five crystallographic parameters: three angles defining the relative ͑mis͒orientation of the grains and two angles defining the inclination of the boundary plane. 1 Very few mobility data are available from experiment, 2, 3 or simulation, 4, 5 for individual boundaries for which all five parameters are fixed.
Grain boundary migration may be externally driven through several different effects, such as a concentration gradient, 6 stress, [3] [4] [5] or magnetic field. 7 The most common driving force examined, however, is associated with the interface itself, i.e., interface curvature . Herring 8 showed that for curvature driven migration, P = ͑␥ + ␥Љ͒, where ␥ is the interface free energy, and ␥Љ is its second derivative with respect to interface inclination. The sum ␥ + ␥Љ is known as the interface stiffness. If the curvature is the only source of the driving force, then combination of Eq. ͑1͒ and P gives
where M * is the reduced mobility. While, like the mobility and stiffness, this quantity is a function of interface inclination in most experimental ͑see Ref. 1 for review͒ and simulation 9 studies, the inclination-averaged reduced mobility is determined rather than the reduced mobility as a function of inclination.
If no external driving force is applied, the reduced mobility is the only material property necessary for the simulation of microstructure evolution. On the other hand, if an interface is driven by an external driving force P e , the equation of motion takes the form v = M͑␥ + ␥Љ͒ + MP e = M * + MP e . In such a case, both the interface mobility and stiffness are required to simulate microstructure evolution. In the solid-liquid interface case, the interface stiffness was deduced from both experiment ͑e.g., Refs. 10 and 11͒ and atomistic simulation ͑e.g., Refs. 12 and 13͒. Although quantitative grain boundary stiffness data are essential in the prediction of microstructural evolution, no similar results for grain boundaries either in experiments or in simulations have been reported. In this letter, we present a method for the determination of grain boundary stiffness from molecular dynamics ͑MD͒ simulations and report the quantitative prediction of boundary stiffness as a function of boundary inclination. Although in this letter, we only limit our interest to a single bicrystal misorientation in nickel, this method can be applied to any material with any misorientation.
The idea of the proposed method is follows. Consider a simulation cell that contains a single, cylindrical grain embedded within another, as shown in Fig. 1 . The sign of the boundary curvature is such that the inner grain will shrink with a shape that depends on the reduced mobility through Eq. ͑2͒. Therefore, we can deduce the reduced mobility as a function of boundary inclination from the shape of the shrinking grain in an MD simulation. In order to separate the boundary stiffness from the reduced mobility it requires the determination of the bare mobility through an additional series of simulations of flat grain boundary migration. 5 In this manner, the stiffness can be found as
where the angle ␣ indicates the grain boundary plane inclination ͓␣ = 0 is the symmetric boundary inclination, ͑103͒ with respect to both crystals͔. We apply this approach to a ⌺5 tilt boundary in nickel, as describe with an embedded atom method potential. 14 Previously, 15 we determined the inclination dependence of the mobility M͑␣ , T͒ of such boundaries and demonstrated that it is very anisotropic ͑a 366% variation at 1000 K͒. Here, we report the results of a series of MD simulations of a shrinking grain in the geometry of Fig. 1 at T = 1000 K, T = 1200 K, and T = 1400 K ͑the melting point for this potential is 1624 K͒. The simulation cell contained 199 540 atoms ͑100a ϫ 100a ϫ 5a, where a is the lattice parameter͒ from which 69 325 were initially in the inner grain ͑its initial radius was 12.0 nm͒. In order to avoid additional complications associated with possible rotation of the inner grain with respect to the outer grain, 16 we froze the atoms located in 0.5 nm cylindrical region at the center of the cell.
In order to determine the inclination dependence of the reduced grain boundary mobility, we must determine the shape of the originally circular cross-section grain. To this end, we identify all atoms with less than 12 nearest neighbors and remove those not at the grain boundary from the list. From the position of these atoms, we determine the location of the axis of the cylindrical grain. Finally, we determine the radius as a function of angle R͑ , t͒ ͑i.e., represent the boundary in polar coordinates, R and ͒ by averaging the position of the atoms in 1°angular windows. Figure 2͑a͒ shows a typical boundary shape after the initially cylindrical grain has evolve for 0.2 ns at 1400 K. The grain shape appears to be nearly circular with high frequency random fluctuations associated with thermal fluctuations ͑and, to a small extent, the averaging procedure͒. This image demonstrates that the reduced boundary mobility is very nearly isotropic. This is a surprising result given that the anisotropy in the boundary mobility, itself, is relatively large ͓ϳ40% ͑Ref. 15͔͒.
The rate of change of the mean grain radius R 0 can be deduced by integration of Eq. ͑2͒ over the surface of the grain, yielding ͑‫ץ‬R 0 / ‫ץ‬t͒ =−M 0 * / R 0 , where M 0 * is the average reduced mobility. This result implies that R 0 2 should decrease linearly with time t, as verified via the simulation data in Fig.  3 . The average reduced mobility is simply one-half the slope of the line in this figure. Given the average reduced mobility, deduced in this manner, and the mobility as a function of inclination ͑obtained from flat boundary simulations͒, we can determine the boundary stiffness versus ␣ as Figure 4 shows the boundary stiffness versus ␣. We estimate the simulation error in determining M 0 * and M as 7.0% and 15% ͑the error in M 0 * and M as the standard deviations of the mobility data determined from 2-6 simulation runs with different initial conditions͒, respectively. Therefore, the error in our determination of the stiffness is, on average, ϳ9.0%. The stiffness varies with boundary inclination from 0.48 to 2.02 J / m 2 . This variation is much larger than the variation of the boundary energy itself ͓1.32-1.67 J / m 2 ͑Ref. 17͔͒. This approach to determining the stiffness is fairly crude, since we have already integrated out the inclination dependence of the reduced mobility. On the other hand, the ͑3͔͒ and the filled symbols represent data obtained by assuming that the reduced mobility is isotropic ͓Eq. ͑4͔͒. Error bars for the data obtained using Eq. ͑3͒ ͑open symbols͒ are of similar magnitudes to those shown, but are not shown ͑they significantly overlap those shown͒.
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Zhang et al. Appl. Phys. Lett. 88, 121927 ͑2006͒ data presented in Fig. 2͑a͒ suggest that the dependence of the reduced mobility on inclination is rather weak. In order to obtain a more accurate measure of the stiffness, we now determined the inclination dependence of the reduced mobility. Since the simulation data ͓Fig. 2͑a͔͒ suggest that the shrinking grain is nearly circular, we can describe the shape of the shrinking grain as R͑ , t͒ = R 0 ͑t͒͑1 + ␦ cos 4͒, to first order in the deviation of the shape from a circle, ␦. In this, we have explicitly assumed that the grain shape has the fourfold rotational symmetry of the crystal about the ͓001͔ cylinder axis, as justified in Fig. 2͑b͒ . Since the reduced mobility is nearly isotropic, we describe the anisotropy as a small deviation from the average reduced mobility
Noting that the boundary velocity in Eq. ͑2͒ is the dot product of the rate of change of the radius vector with the boundary normal, we can determine f͑␣͒ by inserting the first order expression for the grain radius into Eqs. ͑2͒ and ͑5͒ to find f͑␣͒Ϸ−14␦ cos . The polar angle can be related to the boundary inclination as ␣ Ϸ +4␦ sin 4, to first order. All that remains is to determine ␦ by fitting the grain shape to the first order expression for R͑͒. Following an initial transient, the grain shape is found to be independent of time, except for the scaling factor R 0 ͑t͒, as assumed in the first order expression for R͑ , t͒. The best fit to the scaled grain shape is shown in Fig. 2͑b͒ . Clearly, the first order expression for R͑͒ provides an excellent fit to the simulation data. From this fit, we determine that ␦ = 1.3% ± 0.3%. This confirms that the deviation of the grain shape from a circle is indeed small. Using this value of ␦ in the expression for f͑␣͒, we find that the anisotropy in the reduced mobility ͓Eq. ͑4͔͒ is approximately 18%. While the anisotropy is much larger for the reduced mobility than for the grain shape, it is still a relatively small. The inclination dependence of the stiffness calculated using both the isotropic and anisotropic ͑inclination dependent͒ forms of M * in Eq. ͑3͒ is shown in Fig. 4 . Examination of this data shows that the boundary stiffness in Ni is on average approximately 0.72 J / m 2 ͑it ranges from 0.52 to 1.67 J / m 2 at 1000 K͒, which is roughly a factor of 2 smaller than the boundary enthalpy in this system in the 1000-1400 K temperature range. 17 The anisotropy of the boundary stiffness with respect to inclination is 40%-70%, depending on the temperature. This anisotropy is extraordinarily large compared with the anisotropy in the reduced mobility ͑ϳ18% ͒ and boundary enthalpy ͑ϳ5%͒. 17 It is also interesting to note that while the anisotropies in the boundary stiffness and in the boundary mobility are quite large, the anisotropy in their product, the reduced mobility is very small. This result is surprising given that the mobility is a dynamic property and the stiffness is a thermodynamic property. Nonetheless, this result is consistent with earlier results on an Ising model, which showed that while the variations in the boundary stiffness and mobility with inclination are large, the reduced boundary mobility is essentially independent of boundary inclination. 18 The temperature dependence of the stiffness may also be seen in Fig. 4 . On average, the boundary stiffness is seen to increase slowly with decreasing temperature. Unfortunately, given the accuracy of these simulation results, it is not possible to deduce the form of this temperature dependence. The proposed method for determining the grain boundary stiffness is quite general. It can be applied over a wide range of temperature ͑above and below the roughening temperature͒ and bicrystallography variables. While the boundary stiffness is not well defined at cusps at grain boundary energy versus inclination, it is finite arbitrarily close to the cusps. Note that while the stiffness is difficult to define exactly at a cusp, the reduced mobility is always finite there. Therefore, any singularity in the stiffness must be compensated by a singularity in the boundary mobility.
